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TECHENICAL NOTE 3413

INVESTIGATION OF THE USE OF A RUBBER ANATOG
IN THE STUDY OF STRESS DISTRIBUTION
IN RIVETED AND CEMENTED JOINTS

By Louis R. Demarkles
SUMMARY

This investigation was underteken to study the stress distribution
wlthin cemented and riveted metal Jolnts by use of an anslogous Joint
constructed of & highly flexible material. By means of displacement
measurements cobtained from foam-~rubber analogs it is shown that the
distribution of shear in these Joints is not uniform over the length
of the Joint, but that it 1s greater near the ends than it is in the
middle as long as the stresses are kept within the elastic range in
which most fatigue loads occur.

Because of the very low modulus of elasticity of the foam rubber,
all displacements occurring in the analogs are greatly exaggerated, some
80 greatly as to indicate that certain factors hitherto unknown, and
others whose existence has been suspected but unproved, may, when
properly evaluated, explain the concentrations and redistributions of
stress that cause the discrepancies between the results of tests and
currently accepted methods of enalysis. Displacements on the cemented-
Joint analogs were great enough to be measured to 0.01 inch on grids
drawn on the edges of the specimens. Displacements at 11 points in
each of several sgections 1n the riveted rubber analogs were measured
wlth the same precision on X-ray photographs showing indicators ~ thin
metal rods or pleces of thread sosked in lead nitrate - which were
inserted into the rubber before the loads were applied.

TINTRODUCTTION

The distribution of loads within riveted, bolted, and cemented
Jjoints has been the subject of many investigations (for example, refs. 1
to 6). From these investigations and from fatigue tests of such joints
(refs. 7 to 9), it is evident that there is a lack of complete under-
standing of the internal stress distribution within Joints. Previous
studies, in which mechanical or electrical strain gages were used, were
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tedious at best and were frequently limited in scope because the
structural elements were not extremely simple sections.

Strain-gage data were often affected by preconceived notions on
the part of the person who located the gages. TImportant strains could
go unmeasured if the research scientlist had no suspiclon of their
presence, and evidence of their possible existence could be obscured
by lnaccuracies in the determination of very small deflections. Attempts
to correlate strain-gage data from various sources on structural elements
of varlous sizes and shapes have been diseppointing and the conclusion
has been reached that a different approach was needed to indicete how
and where significant strains would occur.

It 1s impracticeble to measure internsl strains in metal members
and impossible to obtain a metal having a low-enough modulus of elas~
ticity to glve displacements visible to the naked eye. The purpose of
this report, therefore, is to describe an investigetion in which the
stress distribution within & cemented or riveted metal joint was studied
by means of an enalogous Jolnt constructed-of a highly flexible material.
The aim was to magnify =11 displacements that could be expected in metal
specimens of practicable size so greatly that they would become visible.

Few plastics have linear stress-strain curves and all tend to creep
under loads of moderate magnitude when they are imposed for moderate
periods. Investigation of several other materlals and study of previous
work (refs. 10 to 13) indicated that foam rubber would be the most suit-
able material to use since it had a very low modulus of elasticity, a
linear stress-strain relation up to 50 percent elongation, and reasonable
creep characteristics. Under the low stress intensities involved, it
wag found that foam-rubber speclmens showed no effects from creep or
hysteresis.

Preliminary X-ray tests indicated that specimens 5 inches or more
in depth could be penetrated without difficulty. 8Buch specimens gave
clear images and, when sultable indicators were used, showed the relatlve
movenents of the Internel fibers of the specimens in considerable detail.

Subsequent tests were confined to perfecting techniques for measuring
surface displacements and internal stralns in foam-rubber specimens bullt
to simulate cemented and riveted Jolnts in metel plates.

This work was done at the Massachusetts Institute of Technology
under the sponsorship and with the financial assistance of the National
Advlisory Committee for Aeronautics. Much of this work could not have
been carried out had it not been for the sble assistance of Mr. G.
Falabella, Jr., in fabricating test specimens and offering many valusble
suggestions in testing and in the preparation of this report. The
asslstance of Mr. J. E. Gleck of the Firestone Industrial Company in
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obtaining the necessary sizes end quantities of Foamex rubber greatly
aided this work. Appreciation is also extended to the U. S. Rubber
Company for supplying Koylon rubber and to the Goodyear Tire and Rubber
Company for supplying Airfoam rubber.

FOAM-RUBBER PROPERTIES

The tensile and shear properties of aveilable commercial foam
rubbers were determined by test. The foam-rubber materials considered
included Koylon, Foamex, and Airfoam, products of U. S. Rubber Company,
Tirestone Industrial Company, and Goodyear Tire and Rubber Company,
respectively. Foamex was used for most of the analog specimens.

Tensile tests of these materials were performed on a simple testing
machine consisting of & rectangular guillotine-type frame having a fixed
base and sliding head, es shown in figure 1. Ioad was transmitted by a
cable and pulley system to the sliding head and thus to any specimen
inserted between base and head. The sheet material, as delivered, was
15 inches wide and 45 inches long. A gage distance of 10 inches in the
middle of this length was consldered beyond the influence of secondary
effects from the plates which were cemented to each end of the rubber
sheet to dlstribute the load and permit the specimen to be held in the
testing mechine by & simple bolted connection. Preliminery tests showed
that the tensile properties were independent of width; however, the full
15-inch width was used in view of the size of the proposed models. The
strain was computed from caliper measurements between gage lines for a
range of loads. The results, plotted in figure 2, include various sheet
thicknesses for foam materials avaeileble at the time of testing. Strains
in the direction of width end thickness of the sheet were also recorded.

Shear properties of Koylon, Fosmex, and Airfoam were obtained from
torsion tests. Disks 3 inches in diameter, cut from each of the materlals,
were cemented between two metal plates. One of the plates was rigidly
attached to & vertical test rig, leaving the other plate free to rotate.
A sultable harness attached to the free plate allowed torque to be
applied to it without imposing bending or simple shear on the specimen.
Figure 3 shows how targets suspended on horlzontal arms were used to
find angulsr displecements or twist of the disks. Vertical displace-
ments of the targets were measured by & motor-driven cathetometer and
small angles were camputed from thelr tangents. The modulus of elas-
ticity in shear was obtained from the relation
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where

T torque, in-1b

t thickness of specimen, in.

@ angle of twist, radians

IP polar moment of inertisa, in.u _

The thicknesses of materials used are listed in figure 4. No torsion
tests were performed on Airfoam since insufficient material was availasble.

The resulis of the tenslle tests for all three materials are summna-
rized in figure 2. It is evident that the tensile stress~strain relstion-
ships are linear up to relatively large loads. Excluding the Airfoeam
materisl, linearity continues to an elongetion of 4O percent at a stress

between 2% and h% pesl. The three grades bf Airfoam cover quite a large

range of Young's modulus compared with the other foam-rubber materials
tested, and linearity appeers to contlnue over a greater percent stretch.
It is important to note, however, that all materials show & close simi-
larity to the tensile property curves for aluminum within the elastic
range.

Young's moduli E were determined from the straight-line portions
of the plots. For convenient camparison the values obtained are listed
in teble I. These values indicate that Koylon is stiffer than Foamex
but less stiff than Airfoam (firm). Thickness apparently hes an effect
on the modulus as shown by the results of 1/h-, 1/2-, and 1-inch sheets
of Foamex. The thickest sheet has the lowest moduwlus. This ney be
caused by the presence of a "skin" on one side of the sheets and a differ-
ence in porosity throughout the sheets. Such skin was thin, and the
differences in porosity slight, but the skin thickness for the thinner
sheets represents a larger percent of the total, and the porosity, due
to gases escaping during cooling of the rubber, is finer in the thinner
sheets. The "bubbling" is less violent and the resulting porosity more
uniform.

The shear moduli in figure 4 do not include the Airfoam material
because the material avallable was inadequete for preparing specimens.
However, it is probable that the Airfoam is linear in shear as well as
in tension and that the G-values vary ebout in proportion to the modulus
of elastlcity for Alrfoam of different grades. Measurement of the
straight-line portions of the curves provided the values of moduli of
rigidity G glven in table I. As would be expected from the tenslle
tests, Koylon 1s stiffer in shear than Foamex. It seems reasonsble to
expect that it would be less stiff than Airfoam (firm) had the latter
been tested.
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The ratios of moduli of rigidity to elasticity G/E are as follows:
For 1/h-inch Koylon, 0.303; for 1/k-inch Foamex, 0.300; for 1/2-inch
Foamex, 0.255; and for l-inch Foamex, 0.290. These results indicate a
possible error in the determination of G or E for the 1/2-inch sheet.
Since E was found from a 10- by 15-inch test area and G from a 3-inch
disk, it is possible that the velue of G found for the 1/2-inch Foamex
is the quantity in error. Excluding the 1/2-inch sheet, the G/E ratio
for foam rubber may be taken as 0.30, whereas for aluminum-alloy sheet
of aircraft thickness this ratio varies from 0.38 to 0.40. It is felt
that this difference 1s acceptable for the present investigation, although
1t is recognized that displacements involving both shear and normel stress
may not be correctly represented in the rubber models.

Using the experimental value of 0.30 for the G/E ratio for foan
rubber, Polsson's ratio p computed from the relation for isotroplc
materials E = 26(1 + p) is 0.67, or twice the value usually sccepted
for aluminum alloys. However, Polsson's ratio, as found experimentally
from measured changes in length, thickness, and width for foam rubber,
was about 0.33, as shown in table I; this value approximately equals
that for aluminum alloy. The slight variation in Polsson's effect for
the thickness and width directions in foam rubber probably indicates
the nonisotropic nature of the material, but the approximate formulas
developed for cemented lap Jolnts do not include Polsson's ratio so that
a determination of its importance need not be made at this time.

After the tensile and shear properties of these materials had been
determined, models were constructed to simulate cemented and riveted
Joints between aluminum sheets. Because of the availability of Foamex,
it was selected for use, although either Koylon or Airfoam could have
been used with comparable results.

CEMENTED JOINTS

Recent developments in processes for cementing metels have pro-
vided another method for the fabrication of aircraft structures. The
relative simplicity of cemented joints (fig. 5), their relstively high
strengths with both light- and heavy-gege materials, and their potential
savings in welght favor thelr substitutlion for riveted Joints, but a
lack of engineering date and reliable design criteris is retarding their
use at present.

The analysis of & cemented joint is not the simple matter that the
continuous nature of the bond would indicate. Although loed is contin-
uously transmitted along the length of a cemented lap jJoint, as con-
trasted with a riveted Joint, the ends of the cemented area may cerry
the greater part of that load and the inner portion mey be lightly
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stressed. This tendency to concentrate stress at the ends of the lap
results from the differential straining of the Joined members and
indlicates that the common assumption that the load carried by a Joint x
of constent width varles directly as its length is, in general, unten-
able. Theory Indicates the assumption to be reasonable when the shear
properties of the cement and the materiel joined are essentially equal
and when the members are scarfed or tapered in thickmess to equalize
strains. A completely ratlionsl analysis for even & simple lap jolnt

is st1ll to be achieved, but the present explorative investigetion
making use of Foamex rubber and metal jolnts shows promising possibil-
ities for an approximate procedure which includes a nunmber of simplifying
assumptlons.

Test Procedure

Several cemented lap joints constructed of Foemex were investigated
under verious tensile loads. Three sheet thicknesses, 1/k, 1/2, and
1l inch, were used 1in the construction of the first lap joints. The
length of overlap varied, but the over-all length and width of the spec- A

imens, 2C by 6% inches, were the same for all. The overlsp used for the

1/4-inch and 1/2-inch materials was 2 inches and for the l-inch-thick
material, 3 inches. A type of latex cement which, when dry, possesses
properties similar to the foam rubber was used for bonding the sheets.

Blsck shellac (a suspension of fine lemp black in shellac) proved
very satisfactory for merking a 1/h—inch grid on the rubber in the regions
of the Jjoint at which displacements were to be measured. The shellac,
with lts fast-drying quality, minimized broadening of the lines due ‘o
seepage into the rubber and the lsmp black provided an indicator suffi-
ciently opague to be clearly recorded when photographed on contrast f£ilm.,
Figures 6(a) and 6(b) are tracings of this grid as mede fram the
photographs.

The marking device used was a grid of wire, chosen to glve the
desired spacing snd thickness of line, mounted in a wooden frame. After
a thin lasyer of black shellac had been brushed onto the wires, the pre-
pared grid was pressed against the rubber and the shellac transferred
to it.

Metal clamps were bonded to the free ends of the sheets by speclal
metal-to-rubber cement so that the load would be distributed uniformly
across the specimens when they were mounted in the apparatus used for
the modulus-of-elasticity tests of the sheet materials (fig. 1).

Certeln precautions were found necessary in the actual testing and
photographing of these specimens. FEach specimen was mounted to have
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freedom in bending and vertical translation but to be restricted in
torsion and horizontal translation. This allowed the desired movements
of the model under load and stabilized the rather flexible material.
Since the lines of action of the forces on the lap jolnt and the center
lines of each sheet were not coincident, care was taken to offset the
points of application of the loads to obtalin colinearity of the applied
forces.

Photographic methods for recording the displacements of the grid
required developing a technique heving an accuracy that would allow
duplication of results. Care was found to be necessary both in taking
the photographs and in processing the film. For each loading, the
camers, was positioned and leveled so that the plane of the film was
parallel to the plane of the grid and the center of the lens was at
the same height from the floor as the center of the grid. This mini-

mized optlical distortion. Since the cut £ilm used was 2% inches by

3%-inches, enlarging was necessary to indicate full-scele displacements

of the grid, and, in order to record and follow the angular and linear
displacements from model to enlargement, it was found necessary to

place targets ruled with l-inch squares on each side of the model so
that portions of each target were included in each negative. These
targets did not move when the models were loaded and, hence, all dis-
placement of the grid due to translation or rotation of the Joint area
under load could be referenced to lines on the fixed targets. The dis-~
placement data for the rubber-analog jolnts included and analyzed in
the body of this report are for the 3~inch-lap, l-inch-sheet model at
a 16~pound tensile load.

Four cemented magnesium specilmens were algso tested under tensile
loads. Two single lap specimens (fig. T(a)) having a l-inch overlap
were made from 1/4- by 1- by 6-inch pieces of magnesium. Two double
lap specimens (fig. T(b)) heving a 2-inch overlep were made from 1/k-
by 15/16- by 6-inch pieces with 1/8- by 1- by 2-inch cover plates.
Photogrids with 0.0l-inch spacing were placed on each edge of the laps
as shown in figures T(a) and T(b) in an effort to get strain distribution
along the lap. The ends of the single lap specimens held by testing
machine grips were adjusted to have the plane of the cement colncide
with the plane of loading to reduce bending or tearing forces on the
Joint.

Resulis and Discussion
The results of the tensile test on the 3-inch-length lap,

l-inch sheet simple Foamex cemented joint under the 16-pound load are
presented in figures 8 to 1. These curves represent the first
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attempt to obtain normal and shear stress distributions throughout a
lap joint by the rubber-snalog method. (The method of computing the
normel and shear stresses is given in appendix A.) A gqualitative
sumary of these distributions 1s shown in figures 12 and 13, where
regions of essentially equal stress are comnected by contlnuous contour
lines.

The normal stress distribution ascross the lap is plotted for each
row of the grid in figures 8(a) to 8(f). The curves indicate uniform
stresses across each sheet thickness for regions at the extremities of
the Joint and rapidly changing stresses near the faying surface. They
show & gradual change in distributlon until, at a section sbout halfway
along the length of lap, the normal stress distribution becomes nearly
uniform across the thickness of the lap. Maximum normal stress occurs
at the loaded ends of the lap and is about equal to the average normal
stress for the single sheet. Maximum shear stress occurs on the faying
surface near each end of the Joint. - -

The experimental data used for figures 8(a) to 8(f) are cross-
plotted in figures 9(a) to 9(d). Proceeding fram the free edge, the
normal stress distribution from free end to loaded end varies quite
linearly at first and then changes gradually until +the distribution is
nearly uniform along the faylng surface. The unlform normal stress dls-
tribution along the faying surface and across the lap halfway along 1its
length accounts for the crosslike distribution plctured in figure 12.

The distribution of sheer stress across the lap is presented for
each row of grid in figures 10(a) to 10(f). The values of shear stress
rise nearly linearly from low values near the free edges to maximum at
or near the faying surface. The experimental curve of figure 1k is a
cross plot of the shear values at the faylng surface. Although a closer
gspacing of the grid might yleld more consistent date, values from these
faired curves are used in this investigation. The maximum shear stress
halfway between the ends; end the experimental plot of stress closely
agrees with the theoretical curves of figure 14 in distribution and
magnitude. The experimental curve indicates & maximum shear stress
about 30 percent greater than the average (load/cemented area) and
about 70 percent greater than the minimum. As would be expected from
this agreement, the theoretical curve Indicates similar differences
among the maxlmum, minimum, and average stresses.

Cross-plotting the experimental date of figures 10(a) to 10(f)
yvields a distribution of shear stress along the lap (figs. 11(a) and
11(d)). Colums C, D, E, and F, in the vicinity of the faying surface,
have meximum and minimum values located at pogitions similar to those
along the faying surface. In columns A, B, G, and H the reverse 1s
true. This change 1n location of meximum stresses accounts for the
difference in character of the lines of equal stress drawn in figure 13.
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An Investigation of the strength of glued jointe made by De Bruyne
(ref. 14) indicates the existence and importance of the stress concen-
trations at the ends of the lap joint and emphaslzes the nonlinear
variation of failing load with changes in lep length. The concentration
of stress probebly involves large shear stresses plus sizeable trans-
verse "tearing" stresses across the cement. Goland and Reissner
(ref. 15) as well as Jenkine (ref. 16) agree with this idea. Experi-
mental verification of the types and magnitudes of the stresses is
desired, and ultimately required, but not yet available. Evidence of
shear stress concentration near the ends of the lap in the rubber
analog can be seen in figure 13, but sufficient date are not avallsble
to show quantitatively or qualitatively the relative ratios of the
tearing and the shearing stresses.

The loads at fallure in the tests of the cemented magnesium lap
Joint are shown in figures 7(2) and 7(b), but no data are included to
show the strains indicated by the photogrid. The grid was photographed
with and without load and the resulis were enlarged. Displacements were
so small, however, that, when the scale of enlargement was sufficient
to show them, the lines of the grid were so greatly magnified that
accurate measurements could not be mede from them. Failure of the bond
did not occur until the yield point of the metal was passed. The mag-
nesium used in these tests met Army-Navy specification AN-M-29 type A
and had a yleld of about 22,000 psi. Shear stress near the end of the
bond at maximum losd was gbout 3,900 psi for the double lap specimens.
Cemented joints formed with thin-gage materials often do not fall until
the yield point of the metal has been reached, but it was not antici-
pated that the cement would transmit so large a load in the case of
heavy-gage materisal.

If a material having e higher yield point than magnesium had been
used, the Jolnts might not have falled until that metal yielded, bubt
insufficient data are aveilable to establish this as fact; hence, it
cannot be determined whether the factor producing failure in the adhe-
sive is a critical raete of change in strain or a criticel total strain.
The Redux cement used in these tests appeared to be a rather brittle
material but one having high tensile and shear properties. The thick-
ness of the cement was between 0.005 inch and 0.008 inch and average
shear stresses between 2,000 and 4,000 psi were developed across the
thin layers.

The cemented Joint failed immediately when the magnesium reached
its yield point, with separation occurring at the end of the joint away
fram the free end of each metal piece. TIn the single lap specimens,
the additional stresses due to small bending or tearing forces intro-
duced because the plane of the faying surface d1d not colncide with the
lines of action of the loads apparently ceused fallure at & lower load
and stress than was the case in the double lap specimens. No warning
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of impending failure was given, but & slight cracking sound could be i
heard the instant before the bond failed. The cement used had & high

creep rate and it was found that a constant low rate of loed applica- .
tion had to be maintained to hold the specimen et a definite load.

Since the transfer of losd between two metal pieces cemented
together occurs primerily by shearing forces in the plane of the cement,
the shearing stress distribution along the fayling surface appears to be
of first importance in the development of a theory to be used as the
basis of a design procedure. The simplified mathematical enalysis
included in this report, appendix B, was developed with this in mind,
and the results from the tests of the metal specimens, when compared
with the theoretical formulas, are in good agreement. The correlation
between theory and experiment appears sufficiently close to warrant
edditional experimentation on metsel models of different lap lengths and
loading conditions for several different cements and metals.

It is belleved that data back-figured from specimens having Jolnt
lengths great enough to fall at essentially constent loads may be used
for the prediction of the falling loads to be expected on shorter lap
lengths. The data avallable show that a reasonable approximation may
be expected, but they are not adequate to indicate the probesble error -
involved when stresses on the longer Jolnts exceed the proportional
limit of the metal while those on the shorter Jjolnts remain within the
elastic range. It is probable that the parsmeter k back-figured
from tests involving plastic defarmation of the metal will, when used
in the theoretical formulas, yield unsafe values for predicted falling
loads on Joints stressed below the proportional limit. The extent to
which this 1s true has not yet been determined.

In appendix C, conslderation 1s given the increases in stress in
the cement when bending occurs in cne of the sheets in a single lap
Joint. The anslysis 1s approximate and applicable only to Jjoints having
sheets of equal thickness.

RIVETED JOINTS

It has long been accepted practice in the design of riveted Joints
to assume that & load having e line of action passing through the
centrold of the rivet group is distributed uniformly among the rivets.
This assumption is tenable for static ultimete loads on Jjoints in
ductile materials. It is not acceptable for the analysls of Joints
loaded in the elastlc range, nor for the less-ductile, high-strength
aluminum alloys. Rosenfeld (ref. 17) found anslytically and experi- -
mentelly that the load on & riveted Joint is not equally distributed
among the rivets but that the end rivets carry a greater portion of
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the load than the inmer rivets. Hill and Holt (ref. 18), Jenkins

(ref. 16), and Moisseiff, Hertman, and Moore (ref. 19) obtained experi-
mental results conflrming this nonuniform load distribution among
rivets in a miltirivet joint and pointed out that, as the uwltimate load
is approached for a riveted structure, the load is redistributed
equally smong the rivets. Since most repeated or dynamic loads asso-
clated with fatigue in aircraft produce stresses below the elastic
limit of the materiels in the joint, it is imperative thaet a more
accurate procedure be esteblished for distributing loed smong rivets
which are used in groups.

Spot-welded or bolted commections are analogous to, but not iden-
tical with, riveted joints in that the load acting on a group is not
distributed uniformly to all elements in the group. ILocel stress con-
centrations assoclated with welding and with the play in bolts differ
from those occurring with rivets, but it is bellieved that a practicable
design procedure which indicates & safe and satisfactory distribution
in a riveted connection can be modified without excessive difficulty to
apply to spot welds or bolts.

Because of their discontinuous nature, such Joints present a more
difficult problem than does one made with cement, and solutions based
on the calculus of finite differences may be required in place of those
found by infinitesimal caleculus. It seems probable, however, that the
end rivets in a line will be loaded more heavily than those near the
center, just as a cemented joint transmits a heavier shear stress near
its ends. For a first spproximation to the determination of the distri-
bution, it therefore seems reasonsble to consider methods of modifying
the cemented-joint formulas to indicate the locads carried by individuasl
rivets, bolts, or spot welds when the stresses produced by static loads
are within the elastlic range.

If such methods can be found, they should be useful in the spprox-
imate analysis of joints subjected to repeated- or dynamic-force systems.
If adequate for such purposes and simple encugh to be practicable in
routine design, they should be helpful in the analysis of joints sub-
Jected to fatigue conditions until further study can be given the
effects of each of the variables involved in this very camplex problem.
Available Fatigue data, for the most part, lack dimensions or other
information required in an analysis based on modifications of the
cemented-joint formulas, but the results from a very limited number of
specimens indicate that such an anaelysis is feagible.

The results of the investigation reported herein indicate that
much can be learned as to local bending, local stress concentrations,
and similar factors by the use of a foem-rubber analog subjected to
static loadings. Al]l deformations are greatly exmggerated in such an
analog and effects that might pass entirely unnoticed in a metal spec-
imen show up as factors to be considered when seen in rubber.
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Since Foamex and similar rubbers can be procured with an essentlally
straight line relation between tensile stress and strain over a reason-
able working renge, and since they may be worked and X-rayed without
great difficulty, they should be very useful in fubture studies of tenslle
load distribution. Because of theilr porous texture, foam rubbers do not
behave lilke 1sotropic sollds under compressive loadings; hence, they may
not meke perfect analogs where compresslion or shear or both are signifi-
cant. Where stresses are predominantly tensile, as with the riveted
Jjolnts investigated herein, 1t is believed that the relative deformations
of the sheets between rivets are correctly indicated. To attempt strain
measurements to five significant figures would, of course, not be Justi-
fiable, but to be sble to measure them with a foot rule, or a scale
divided into hundredths of an inch, is a feature not to be passed over

lightly. -

Test Procedure

Two experimental rubber models were constructed for preliminery
tests, a single- and s triple-rivet double lap joint. The deformations
of rivets and sheets under various tensile loads were indicated by
markers and recorded by X-ray photography.

The single-rivet lap joint of figure 15(a) was made from sheets of
Foamex 5 inches wide and 16 inches long. The Jjoint consists of a l-inch
Foamex inner sheet with two outer sheets of 1/2-inch thickness. The
triple-rivet model was sgimilarly constructed except that the sheets were

twice as long. Rivet holes 1% inches in diemeter with edge distances
twlce the hole diameter were cut by a specially designed tool. §Shanks,
L% inches in diemeter and l% inches long, were cemented to round heads

2% inches in diameter to form Foamex rivets. The above combination of

dimensions gave somewhat the effect of a driven aluminum rivet and
helped to stebilize the model. These riveted models were mounted 1In
the tensile teat apparatus of figure 1 in the same menner as were the
cenented models.

Cotton threads soaked in lead nitrate and then dried were placed
along the center line of the model parallel to the rivet shanks and
along the center line of the l-inch sheet perpendicular to the shanks.
Tneertion of these threads was made possible by first pessing a small
hollow needle through the model at desired locations and threading the
cotton line through the needle before withdrawal of the needle. Because
of their flexible nature these threads offered little bending restraint
but did restrict longitudinal displacement of the rubber. When X~rayed,
these threads, the sheets, and the rivets were all visible on the

Ix
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negetive when the proper X-ray voltage and exposure time were used.
Figures 15(a) and 15(b) are tracings from an X-ray negative of the
single-rivet joint under a 5-pound tensile load.

Based on the results of these preliminary tests, a third model was
constructed. This was designed for two rivets but was proportiorned so
that 1t could be converted into a three-rivet model. Any major discrep-
ancy between test results of the two- and three-rivet specimens arising
from slight variations found in rubber sheets from the same manufacturing
Process were eliminated by this means, but minor effects resulting from
variations in rivet properties were not. The deformations of rivets and
sheets under various loads were indicated by an improved marking system
and recorded by X-ray photography as before.

The model was made from sheets of Foamex 5 inches wide and 26 inches

long. The Jjoint lap consisted of a li%u-inch—thick sheet with two outer

sheets of 1/2-inch thickness. Rivet holes l%»inches in diameter with

edge distances twice the hole diameter were cut with a special hole saw.
Shanks, l% inches In diameter and 1%-1nches long, were cemented to round

heads 2%ninches in diameter to form Foamex rivets. The length of the

rivet shank was chosen to develop some tension in the rivet and to pro-
duce a clamping action on the rubber sheets; the dismeter was chosen so
that the rivet shank would "fill" the hole. A plain round-head rivet
was used since other shapes did not provide enough stiffness to produce
satisfactory clemping action. This combination of dimensions gave some-
what the effect of a "tight" aluminum rivet and helped to stebilize the
model.

The markers used to Indicate deformations in these models consisted
of both fine cotton threasds soaked in lead nitrate as before and
1/64~inch~diemeter steel drill rods. Both thread and steel rod were
inserted by the hollow-steel-needle method. The location of these
markers across the width of the l-inch and 1/2-inch sheets is shown in
figure 16. In order to i1dentify the individual threads, and also the
steel rods, a system of knots was employed. Starting at one edge of
the rubber sheet, the first thread contained no knots, the second had
one, and so forth, with the fifth thread conteining four knots. The
steel rods were inserted halfwsy between each pair of threads and half-
way between the outer threads and the edge of the rubber. The combina-
tlon of leaded threads and steel rods offered no restraint against local
bending deformation or longltudinal displacement of the rubber. Threads,
rods, sheets, and rivets were all visible on the X-ray negatives when
proper exposures were made.
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The rivet model was placed in the testing machine of figure 1 with

one end held fixed. Welghts were applied to the other end and were free
“t0 find their equllibrium positlon so that pure tensile loading was
applied to the specimen. A 1/32-inch-diameter steel marker was inserted
in the l-inch rubber sheet a short distance from the other merkers and
this was used as the reference point for alining the X-ray beam. The
X-ray machine used emitted rays from a polnt source, and by sebtting the
head on a horizontal line with the reference merker, the rays passing
through all other markers were inclined. The relative displacements of
adjacent markers in the Jolnt eree were amplified by the parallax of

the inclined reys so that each thread and rod could be readily identified
on the X-ray film.

The plane of the rubber model was oriented so that the reference
marker and the thread having no knots were near the edge closest to the
X-ray head. The thresd having four lmots and the X-ray film container
were near the edge ferthest from the head. The fllm contalner was as
close to the edge of the specimen as was possible without interfering
with the displacement of the model under load.’

Since the images of the markers were projected onto the film by
inclined rays, corrections had to be made to the displacements measured
on the film in order to obtain the true "elongations" between the markers
in the model. These displacemente were measured with & scale gradueted
into hundredths of an inch and corrected by the procedure outlined in
appendix D. The resulting strains were converted to stresses and the
loads on the sheets between rivets were then obtained by summing the
stresses over the width and thickness of each sheet. The differences
in loads carried by sections above and below each rivet were taken as
the load on the rivet.

Type-M Eastman Kodak X-ray f1lm was found to give satlsfactory
resulits. The steel markers and cotton threads showed up well with an
exposure time of 135 seconds on a 17- by 13-inch negetive. A Picker
150-kilovolt portable X-ray unit with e Machlet Thermax Tube wes used
in these tests. The voltage used was 4O-kilovolt at 8 milliemperes.
The size of Jjoint and the loads that can be employed are directly
dependent on the size of film availasble.

Results and Discussion
The preliminary, exploratory tests were used to evaluste the X-ray
technique for studylng the behavior of riveted Joints. No measurements

were made on these models, but general cbservations were recorded.

From a consideration of the single-riveted lap Joint (figs. 15(a)
and 15(b)), the following observations are significant:
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(1) The cross-sectional area of the rivet shank changes from circu-
Jar to elliptical under the influence of the bending and shearing forces
exerted by the sheets. Iikewlse, the rivet holes in the immer and outer
sheets are dlstorted. These shape changes undoubtedly indicate lerge
local stress concentrations and gradients.

(2) The 1/2-inch sheets separate from the l-inch sheet at their
free ends causing bending across the rivet hole. This is believed to
explain fatigue fallures through the holes near the "unloaded" ends of
riveted Joints.

(3) Rivet heads are campressed where they bear into the outer
sheets on the side of the hole away from the free ends of the sheets.
This action may account for rivet-head failures under repeated loads.

(%) There is evidence of compression between the inner sheet and
outer sheets in the region near the free end of the imner sheet. Some
of the load 1s transmitted by friction on the faying surfaces so that
the stresses producing concentrations around the edges of the hole are
not constant over the thickness of the sheet.

(5) The tendency of the rivet heads to pull through the outer
sheets indicates the presence of large bending effects in the rivet and
canpressive stresses in the sheet under part of the rivet head.

The triple-riveted lap jolnt discloses the following additional
informetion:

(6) large distortion of the end rivets indicates that they are
carrying a larger part of the load than the inner rivet.

Further tests were carried out on improved rivet models to cbtain
stress and load data on the sheets and rivets. TIn a two-rivet joint,
each rivet carries half the load and the load is dlstributed in the
sheets between the rivets as shown in figure 17(a). In a three-rivet
Joint the lcad is not uniformly distributed among the rivets, the usual
design method, but the outer rivets carry the greater portion, with the
inner rivet lightly loaded. The result for one load condition on a
three-rivet model is shown in figure 17(Db).

The outer rivets carry between 35 and 40 percent of the load; the
inner, sbout 25 percent. Results of several tests indicate that each
outer rivet in a three-rivet joint carries 36 percent of the losd and
the inner, 28 percent. These figures are in very close agreement with
those found experimentally by Francis (ref. 7) on a three-rivet saluminum-
alloy Jjoint whose outer rivets each carried 37.5 percent of the load and
the inner, 25 percent. The nonuniform load-cerrying capacity of rivets
of & multirivet joint was further demonstrated experimentally by Francils
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in a 12-rivet aluminum-alloy Jjoint. In the elastic range the outer two A

rivets each carried 15.5 percent, while the inner rivets each took

3.75 percent of the load. . o € -
The significance of this nonuniform load distribution in a multi-

rivet jolnt 1s not so evident in terms of percentages as it 1ls when

these flgures are converted to a multiple of the load that each rivet

should carry if loaded uniformly. For the three-rivet joint under a

load P, each rivet 1s assumed to carry 0.333F by the usual design

procedure; however, from the rubber anelog the outer rivets carry 0.375P

and the inner rivet, 0.25P. Each outer rivet therefore takes about

12.5 peréent more than the average and the lnner, about 25 percent less

or, on another basis, the outer rivets carry l% times the load on the

immer rivet. The 12-rivet metal joint shows that the outer rivets carry
four times the load carried on those near the center of the joint. Under
repetitive loads or reversals of stress, a riveted joint of this nature
will be subject to fatigue failure in the outer rivets because of the
much larger loeds et these locations. Hill and Holt (ref. 18) suggest
that, under such conditions, the unusual loed distributions among rivets g
must be taken into account for a rational design. The absurdity of

correlating static or fatigue strengths on the basis of "average" loads _
ig apparent. _ X

The loads on the rivets in the rubber specimens were determined by
measuring strains in the 1~ and 1/2-inch sheets at the locations between
rivets shown in figure 16. Data of one run for the two- and three-rivet
model are given in table IV. Iarge gage lengths were used for measuring
strains because of the low modulus of the rubber and method of measure-
ment employed. The loading on the entire model was checked by determining
strains in the l-inch sheet at a location free from stress concentrations
induced by the grips or the joint itself. In each case the load on the
model as cslculated from these strains checked the actual load within 1
or 2 percent and indicated that the method of straln measurement was
satisfactory. By repeating this operatlon several times for different
loads and checking each time, the effects of hysteresis were found to
be negligible. From the loads on the sheets computed from strains
measured at sections between the rivets and the known loed on the model,
the load carried by each rivet was determined. The lcad on each sheet
was computed independently from the displacements of the merkers at
three cross sections, each located where the local strain effects of
the rivet and rivet hole were small. The stresses for each indicator
were multiplied by the area associasted with it; then, the product was
totaled across the section as shown in appendix D to glve the computed
load. This should equal the load applied to the specimen. The results
checked fairly well for the two-rivet model but not so well for the
three. The missing load can be accounted for partly by frictiom between b
the sheets and partly by the accuracy of the method of measurement. The
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gage length and elongation between any two corresponding markers in
different rows could be read to the second decimal place, but accuracy
to the third declimel place is desirsble because small differences
between essentially equel numbers are involved. The diameters of the
markers defeated any attempt to make readings to the third decimal place.

The tensile stress distributions across the width of the sheets
between the rivets in the two- and three-rivet joints under load are
shown in figures 18 and 19. The stresses computed from the strains for
the three gage-length locetions are plotted for the 1l- and l/2-inch
sheets for the two- and three-rivet models. The average stress for each
plotted cross section 1s also shown with these curves. For both models,
the stresses across the sheets reach a maximum near the edges and a
minimum near the center.

In the two-rivet models, the average stress for the three gage
lengths of the 1/2-inch sheet 1 are greater than those for the 1/2-inch '
sheet 2 as shown 1n figure 18. The load on l/2-inch sheet 1 1s sppar-
ently greater than that on the 1/2-inch sheet 2. Small misalinements
of the holes between the 1/2-inch sheet 1 and 1/2-inch sheet 2 and the
1l-inch sheet and differences in rivet tension are belleved to cause this
nonuniform elongation of the 1/2-inch sheets. The X-ray tracing in
figure 20(a) shows this condition. Since differences are to be expected
in driven metal rivets, the rubber anslog indicates visually some of the
possible effects.

The maximum stress which occurs near the edges for all sheets 1is
about 1% times the average, while the minimum stress near the center

line 1s about half the average. The effect of the rivet holes and
rivets on the sheeis between the rivets seems to be the same on the
1/2- and l-inch sheets when under load. If the combination of rivet
hole and rivet under load causes the sitress at the center of the sheets
to be one-third of that near the edge, as 1t appears to be in these
rubber models, the resulting stress concentrations may explain, in part,
the poor fatigue strengths of riveted connections.

In the three-rivet model the tensile stresses across the width of
the sheets, together with the average stresses, are shown in figure 19.
The load on the 1/2-inch sheet 1 is again greater than on the 1/2-inch
sheet 2 as shown by the average stresses. The stresses for the
l-inch sheet between the upper rivets are considerably larger than for
the l-inch sheet between the lower rivets. The reverse 1ls true for the
1/2-inch sheets where the larger stresses occur between the lower rivets.
The X-ray tracing in figure 20(b) shows this condition. The smaller
loeds on the 1/2~inch sheets occur near sections MN, NO, and OP
(fig. 17(v)’) while the larger loads occur near sections FG, GH, and HT.
On the l-inch sheet, the smaller loads are at sections ¥G, GH, and HT
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and the larger, at sections MN, NO, and OP. The combination of rivet
hole and rivet agein produces the same stress-concentration effect under
load as it does in the two-rivet model. The minimum stress near the
center of the sheet is gbout one-third the maximum stress near each edge.

The threads in the experimental models spparently carried a portion
of the load; when they were removed the bending action in both sheets
and rivets (dbservations maede at beginning of this section) was more
pronounced.

Failures in fatigue through & row of rivet holes near a free edge*
(fig. 21) in the outer plates of a lap joint may be explained by cbser-
vation (2). Under repeated losding the free ends continually bend apart
and straighten so that the net section through the rivet hole, with its
several possible stress concentrations, qulckly becomes a victim of
fatigue. With locel shear and bending displacements along the length
of the rivet (fig. 15(a)), it is improbable that the stress distribution
is constant throughout the thickness of the sheet. It seems more
probable that stress concentrations around the clrcumference of each
rivet hole exceed, 1n some parts of each sheet, the values obtained from
theory or from photoelastic studies based on uniform distribution
throughout the thickness of the sheet or on uniform bearing along the
length of the rivet. This bending apart of the cover plates in aluminum-
alloy joints has been reported by Francis (ref. T7), but such effects as
nonuniform bearing between rivet and sheet are not apparent in metal
test specimens, nor can they be measured when thelr presence 1s suspected.
Because of the behavior .of foam rubber in compression (bearing) these
effects are not determinable quentitively in rubber~analog specimens,
but their existence 1s indicated qualitatively by the X-ray imeges of
the distorted sheets and rivets.

The distortion of the cross-sectional area of the rivet shank
(cbservation (1)) and the distortion of the rivet head (observation (3))
under load indicete the severe conditions that a rivet undergoes.
Failures 1n rivet heads and rivet shanks in fatigue can be traced to
such stralins. It is not only a question of the load applied to the
rivet but of the interaction of the plates and rivets on one ancther.

Iocal failure of sheet material around rivet heads, where the rivet
heads pull through the coever plates under loading, may be explalned by
observations (&) and (5).

Observation (6) was checked experimentally as previously explained.
The visual indication of the bent rivets with their very pronounced
differences in amount of bending leaves no doubt that the loasd distribu-
tion is anything but uniform in a multirivet Jolnt loaded to produce
stresses in the elastle range.

"o-
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The fact that designers desire methods that relate the fatigue
strengths of riveted Jjoints to their static strengths has led engineers
to try to correlate repeated-load test date with the results of single-
application loads which were increased until the joint failed. Such
attempts at correlation have been unsatisfactory, and there asre at least
three reasons for this. In the first plsce, most repeated loasds cause
stresses in the elastic ‘range and result in different distributions of
load among & group of rivets than the distributions found when parts of
the joint are stressed in the plastic range so that overstressed areas
undergo displacements which tend to equalize the loads acting on the
rivets. Efforts to correlate data from two joints, one having two rivets
and the other three, are obviously frulitless if each rivet in the two-
rivet assembly is assumed to carry one-half the load while each one in
the three-rivet Joint takes one-third. The most stressed in the latter
group will probebly carry sbout three-eighths of the load and that will
not be transmitted to the sheet in any simple menner.

Efforts to obtaln correlation by including stress concentration
factors computed on the assumption of a uniform distribution of stress
throughout the thickness of & riveted sheet would also appear to be
fruitless 1f the bearing between sheet and rivet is concentrated near
the faying surface as is indicated by the rubber analog or if stresses
of sppreciable magnitude are produced in the sheet near the rivet holes
by the bending of the "free'" ends of the sheet. Such factors have not
been considered in the past nor are there sufficilent data in hend fram
the tests on the rubber specimens to permit quantitative evaeluation of
them at present. Evlidence of their existence has, however, been
obtained and further study will undoubtedly lead to methods for evalu-
ating their effects. Until rational procedures have been developed to
take such effects into account, little success can be expected from
correlations of test date obtained from joints having different arrange-
ments of "identical rivets. The neglected variables in the problem
are, apparently, not negligible. There are probably others not brought
out by these tests.

It is almost certain, though no tests have been made to show 1t,
that the heads of countersunk rivets would have different clamping
effects from those of the round heads used in these tests and, hence,
that the bending of the rivet shank and the distribution of bearing
stress along it would differ from those of the rivets tested. It is
equally probable thet rivets which sre driven hot, which shrink when
they cool and clamp the faying surfaces tightly enough to trensmit
part of the loed by friction between sheets, will also produce differ-
ences in the primary fectors affecting load distribution and in the
secondary effects which produce local stress concentrations. There are
many factors yet to be determined quantitatively that affect the static
strengths and erndurance limits of riveted, bolted, or spot-welded Jjoints,
but it is believed that the rubber analog, wilth its greatly exaggerated
deformations, can be very helpful in indiceting which of the possible
variables are significent and which are unimportant.
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The load distribution emong the rivets was the simplest action of
the joint that could be determined quantitatively by direct measurement
of local displscements on the rubber specimens. Attempts to measure
other ectlons were complicated by locating markers so that they could
be readily identified on the X-ray negatives or by the need to overcome
problems assoclated with the three-dimensional nature of the stress
concentration factors. Despite thls, the gbllity to see what happens
within the parts of a riveted Joint under loed permits qualitative
evaluation of effects which must be considered if design methods are to
be revised. Careful use of X-ray photography will produce negatives
from which the complex interactions of sheets and rivets represented in
the rubber anslog can be clearly seen and studied, and, if the test
apparatus is constructed so that the model can be X-rayed in both plan
and edge view, a falrly complete Indlcation of the Jjoint behavior under
load may be obtalned. '

No attempt was mede to vary the geametry of the Jolnt by changing
rivet size, rivet spacing, stagger, sheet thickness, sheet length, and
so forth. The round-head rivet was the only type used because of the
low stiffness of this foam rubber. Stiffer rubbers can be cobtained,
but no studies were made with them. The two- and three-rivet double
lap Jjoints were selected beceuse they represented a type of joint in
general use that would yield information representative of multirivet
Joints without the stress concentrations due to bending which would be
expected in a single lap Jjoint. This same type, with four or more
rivets, was considered for tests, but the limitetions of the X-ray
equipment availsble prevented the use of the longer specimens. Only
one rivet was used in each row since resulits from actual metal jolnts
indicate that the load distribution in a riveted Joint having several
lines of several rivets each is essentially identical in each line.
The merking system and interpretation of deta were obviously slmplified
by this means. '

The use of a rubber analog in the study of riveted jJjolnts ig sub-
Ject to certain limitations. The tensile modulus of the rubber is of
the order of one-millionth of that of aluminum alloys and the shear
modulus,- of the order of one two-millionth. Tensile stresses in the
rubber are about one five-thousandth of those in an sluminum-elloy
Joint. Poisson's ratio is close to the value for aluminum alloys but
is directional so that some effects are distorted. The low modull
cause all effects in a rubber model to be exaggerated, whereas the low
stresses tend to reduce displacements. The more significent effects
are magnified in the rubber so that they are about 500 times those In
the metal. Foam rubber is best used in tension models since its
ability to resist buckling under compressive loading is very low and
its modulus of elastlclty in compression i1s not the same as it is in
tension. The -load on a rubber model must be kept small to insure that
the stress does not exceed the elastic limit, yet enough losd must be
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used to overcome any slack in the test section. It was found from tests
that the model did not behave properly if the load was too low end it
was found necessary to use load enough to insure that all slack would be
taken up.

Conclusions

Exploratory tests using the rubber anslog have provided another
means of studyling the action of riveted joints. The models allowed a
closer study of the interactions of parts of the joint because of thelr
greatly exaggerated displacements end because the X-ray method showed
what happened inside the sheets and rivets. The following conclusions
have been reached from the results of these tests:

(1) Tn & multirivet Joint, a load In the elastic range is not dis-
tributed uniformly among the rivets in & line. The outer rivets carry
a large part of that load and the inner rivets are lightly loaded.

(2) The maximum stresses across the sheete on & cross section of a
Joint between rivets occur near the edges and are sbout 1% times the

average stress on that section.

(3) There is a tendency for the cover sheets to bend apart at their
free ends under load. This condition, coupled with the stress concen-
trations occurring in the end rivet holes, probably explains the common
fatigue failure of these cover sheets on cross sections which pass
through the end rivet holes.

(4) The problem of gtress distribution around the rivet hole and
rivet shank is three-dimensional and not amenable to elementary mathe-
matical analysis. The present experimental method gives a visual indi-
cation of the actions involved and can probably be developed to yileld
information useful in a more elaborate mathematical analysis.

(5) Complete static tests, including the determination of material
properties and the dimensions of each sheet and rivet in each specimen,
should be made on each type of joint for which fatigue tests are to be
conducted so that static strength data mey be available for eventual
correlaetion with results of the fatigue tests.

(6) A single-row lap joint is not recommended for use under fatigue
conditions because its low bending stiffness and eccentric loading
produce local stresses which result in a poor fatigue resistance.

(7) If several rivets lying on an axis parallel to the line of
action of the loed are defined as a "line" and several lying on a
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perpendicular axls, as a "row," it is better for both static and fatigue
conditions to design a joint to have several lines of few rows rather
than to have several rows in few lines. There will then be fewer
"Inactive" rivets near the center of each line, so that a more efficient
distribution of load will be obtained. —

Magsachusetts Institute of Technology,
Cambridge, Mass., April 1k, 1952.

.;‘
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APPENDIX A
METHOD OF COMPUTING NORMAT, AND SHEAR STRESSES

The tearing stresses were not measured since thelr effect on the
normal and shearing stresses is assumed small and since they would
require & casleulation for each square involving Polsson's ratico which
in the case of foam rubber is directional (table I)}.

The normel stress was taken ag the difference between the lengths
of the side of & square in the direction of pull for the load and no- .
loed conditions. The stress was then obtained from the relation fy = Eey
wvhere E 1is the modulus of elasticity of the rubber determined from
figure 2 and €4 1s the strain in the direction of load.

Assuming thet sll angular distortion is attributeble to shear and
that the square deforms symmetrically, the shear strain 7xy can be

found from measurement of the dlagonals and sides of the square. This
distortion is shown in the following sketch:

Application of the law of cosines to the gbove sketch results in
the expressions

BAZ = 0A2 + OB2 -~ 20A OB cos o

0c2 = 0A2 4+ OB2 + 20A OB cos a
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Combining and assuming small engular displacements,

ocZ - B2
4(oR) (B)

The stress was then obtained from the relation fg = G7xy’ where G 1s
the modulus of rupture of the rubber determined from figure 4 and Txy
is the strain calculated as above.

=3 —1 0_ = -
= 08 o = cos(90 7XY) sin Yxy = Txy

In practice, average lengths were used in the determination of normal

and shear stresses where symmetry was lacking. In addition, all curved
lengths were approximated by their chords. --‘The degree of approximation
inherent in these assumptions would have been reduced if the size of
rectangle used 1n the grip had been smaller.
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APPENDIX B
CEMENTED-JOINT ANATYSIS

The transmission of load by cemented joints is a continuous though
not constant function, whereas that by a mechanical joint having bolts
or rivets 1s discontinuous; hence, the former should be the more amenasble
to mathematical analysis. Exact procedures, however, sre cumberscme and
often involve impracticable computational lasbor. The method which follows
is based in part on exact relations and in part on simplifying assumptions.

Conslder two sheets to be cemented along the surface AB as shown in
figure 22(a). Since the lines of action of the forces P are not coin-
cident so long as one sheet lies sbove the other, the sheets will bend
until the forces come into line. Moments M; and My will be developed

as indiceted. These will be divided between the sheets in some way
dependent upon the relative stiffnesses, coefficients o and B, of the
two sheets as shown in figures 22(b) and 22(c). The axial forces will
also be distributed 1n accord with the sheet thicknesses or areas, as
represented by the coefficients ¥ and A. The combined effects will
be those produced by adding the force and moment systems of figure 22(Db)
to those of figure 22(ec).

Study of these systems shows that the axial forces in figure 22(b)
produce shear along the faying surfaces while the moment system in fig-
ure 22(c) tends to peel one sheet from the other causing both tension
and shear in the cement. The moment system in figure 22(b) tends to
bend the sheets to produce shear between elements adjacent to surface AB,
and the axial forces in figure 22(c) cause some shear if A # by since

the two sheets will not undergo identical axlal strains. FEach of these
effects is present, and all should be taken into account in an exact
analysis. The effects of the bending are ignored because the faying
surface of the joint in figure 6(b) shows practically no bending dis-
Placement and the analysis is based on the relative motions of the flat
sheets shown in the simple lap joint of figure 23 or the double lap joint
of figure 2k. ) '
I cross sections which are planer under zero load remsined planes

under load P, the section abed, at the origin in figure 23, would be
displaced to abc'd' because of the strain in the adhesive under the shear
stresses fg. However, these shear stresses do cause strains within the
sheets so plane ab is curved to ab" and plsne c'd', to c"d'. The shear
stress fg 1n the cement is somevwhat reduced by this warping of plenar

sections in the sheets. The displacement Uy 1is the projection of ad!
on the plane of the cement, and the stress fy depends upon the shear
strain represented by angle b"e'e.
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The loads P are transmitted between the sheets so that the force
carried by the upper sheet at a section x-units from the origin is

b4
Py = f fow dx vwhere w 1s the Joint width. The force remaining in
o

x
the lower sheet is then P =P - Py = P = f fgw dx
0

Then plane mmop in the unloaded Joint is displaced to become
m'n'o'p! vhen gbed is displaced to ebe'd!. Plane m'n' in the upper
sheet moves to m'n" because of the tension due to P, then to m"s

because of the shear stress in sheet 1. At the same time, o'p' is dis-
placed to o"p" by the axial force Po and to p"v by the shear in

sheet 2. The complement of the angle nsv is a measure of the shear
strain in the cement and 1ts tangent 1s U/t, where U =Ty + Uy -

(U2 + U3 + B). The displacements Ug, . . . Uy are shown in fig-

ure 25 to represent these various displacement components. Since the
shear stress fg 1n the cement may be found from £, = G.U/t,, where

Go and T, are the ghear modulus of elasticlty and thickness of the

cement, respectively, 1t is necessary to obtain expressions for each
displa.cement camponent.

The initisl movement of the lower sheet with respect to the upper
1s represented by Uy, the displacement of the origin of coordinates
in the lower sheet with respect to thaet in the upper. This displace-~
ment Uy does not vary with x. :

The longitudinal movement of plane mn due to the elongation of
sheet 1 between O and x under the axial load Pj = f fow dx is

represented by Up. Under the tensile stress fy an element of
length dx such as that shown in figure 25 would elongate dUj = £y dx/E.

Over the distance x +this elongation would be Uy =f (f/E)dx or,
0

since fy =Py/A =/(;x(fsw/wtl)dx =Lx(fs/t1)k,

U1 '=‘/;x j;x(fs/tlE)dx dx (1)
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Equilibrium in the element of figure 25 requires that shear
stress fg' on longitudinal plane qr be ! = fs - (dftyw)/w dx. It
also requires that . fywty) - fgw dx + (£ + df)wty = O and, hence,
that dfy/dx = fg/t3. This leads to fg' = fo(1 - y/t1) so that the
displacement n"s = Up at the faying surfaces becomes

T
Uy = f fg' dy/G = fgty f2¢ (2)
0
Similar manipulation of the displacements for the lower sheet ylelds

X P X
Us =fc‘> @-L (fs/th)dx dx

Uy = £gtp/2G

(3)

The expression for displacement U 1g then

X pX g £t x Xf £t
U'_'UO""ff_s—d-de'—s‘;‘f L-fi. )d_x__S__a(lp)

Differentiating this expression twice with respect to x yields

2
Py _fsr1 2y FEfn+ ’°2)

Since the shear stress in the cement i1s fg = qu/fc, it is apparent
that d2U/dx2 = (te/G. )(a2fg /ax2); 8o equation (%) may be written

%_szs=o (5)

2

1f %X= represents

2 - 200G, (1 + t2) ©
Bty tn [:EG’cc + Gg(ty + ta)]

The solution for equastion (5) is

8y
fy = 8y cosh kx + oy sinh kx (7
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end the displacement U becomes

U= e h kx + <X sinh kx) h kx + -2 sinh kx (8)
—az<aocos +?S —8.2(308 +-E-S

To establish the constants of integration, let d.U/d.x = -PB/AQE
at x=0 and PB/AE at x =1, B being equal to mtc/[zetc +
Ge(ty + tp) |- Simple substitution gives az = -PB/ASE and

ep = (PB/XE sinh kL) (1/A; + cosh kL/Ap). Since &g = Geap/t, end
a1 = Geax/te, these are readily obtained. Then, from equation (n,

s = OcPBlcosh kx(Bp + Ay cosh kL)  ginh Ix (9)

8 t.kE|sinh kL AjAs A
This mey be simplified to

h kx + h (kL - kx
£ = £, kI, |tp cos + %7 cosh ( ) (10)
av ginh kL ty + to '

when 1t 1s observed that fg = P/wL and thet A; = wt; and Ap = whp.

With %o = nty, and fg = fg at x=0_or x =1L, equation (10)
becomes
kXL, (n + cosh kl.)
= f =0 R
Tomax = “Sav simh KL\ 1 + o (x = 0) (112)
kL. fn cosh kL + 1)
f =f ( =1 11b
Smax = “Bay ginh kL 1+n (x = 1) (115)

A glance at a table of hyperbolie functions shows that sinh kXL is very

nearly equal to cosh kI, for kL > 6 and that both are very large

compared with n or 1, so that the ratio fg4 /fs for kL.>6 1is
maxf “av

very nearly

(x=0) (122)

£o frg = e
Smax/ Say 1+ n

fsmaX/fsav B n(l -th) (x = 1) (120)
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The end of the joint at which the thicker sheet 1s discontinued therefore
carries the greater shear stress.
The rate of shear flow across the joint is not uniform, but the force
Q .
transmitted between sections x; and x5, is F = f fow dx, or
X1

_ PGcB [‘tg(sinh kxp - sizh lxy) + tlE:th (KL - kx) - stmh (kT - kxz_)l

F
tckEl t1t, sinh kL

(132)
which may be abbreviated to
F = PN (13v)
where

_ to(sinh kxy -~ sinh kx;) + tl&inh (kL - kx3) - sinh (XL - kx%)]_
(t1 + %) slnh kL

N

Velues of N are given in table II.

If the end of the Jjolnt at which the thicker of the two sheets is
discontinued 1s taken as the origin of x and if the ultimete shear
strength of the cement £ is known, the load P %o start fallure

at the most stressed point in the joint x =0 is

P = fsmaxWL[(l + n) sinh kL] (lh-)
kY. n + cosh kL

The maximum shear stress at x =0 will be

n + cosh kI
£ = KIf (15)
Smax Savt:(l + 1) sinh kT

Table ITI presents values of (1 + n) sinh XT/XL (n + cosh kI) for
use in equations (14) and (15) which are shown in graph form in figure 26.
With the values kL. and n known, the ratic of fsav/fsmx cen be

obtained directly. Tt should be noted that sinh kL/(n + cosh kI) has
a value very close to unity when XL is equal to or greater than 6. A
value of k sultable for use with Jolnts of various lap lengths msy
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therefore be obtalned from equation (15) if test data are available to
give failing loads P for specimens of sufficient length for this loed
to reach an essentially constant value. The equation is

14+ n)f
k=( )Smg.x (16)
oy
To determine fg for a new cement, test a series of specimens

max
having lep lengths ranging from 1/8 or 1/4k inch to 2 or 3 inches. Divide
the .loeds at failure by the joint areas to obtain the average shear
stresses fsav = P/wL. Plot fsav versus Jjoint length I, draw a curve

through the plotted points, and extrapolate it to intersect the f-axis
at L= 0. The value of fsav at L =0 may be taken to be fg

The procedure will be illustrated subsequently.

When the properties and dimensions of the cement end the gheets in
a given Joint are all known, Xk may be determined without recourse to a
series of tests. Equation (6) 1s the analytical expression for k2.

At the present time, values of the shearing modulus of elasticity Go
for the commonly used adhesives are not well established. TFew data are
avallasble as to the values of t, or Ty which may be expected in
practice, though +t, ordinarily runs between 0.005 and 0.010 inch. It

1s possible to obtaln values of G, from test data by use of the
following equation:

t,k2Enty
Gc = < k?-EntlE (17)
(1 + n) 1l - —E-G—--

when a1l values except G, are known.

To illustrate the use of the preceding equations, consider the set
of test date on the simple lap joints reported by De Bruyne (ref. 1)}.
For the 0.0425- by 1.00-inch Duralumin specimens the following values
are given for the loads producing fallure on jolnts of various lengths:
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L Pobserved fBav
0.125 712 5,700
.250 1,225 4,900
315 1,550 4,130
.500 1,800 3,600
.625 2,075 3,320
. 750 2,109 2,810
875 2,070 2,390
1.000 2,050 2,050
2.000 2,057 1,030
5.500 2,050 585

By plotting fsav against L and extending the curve drawn through the
plotted polnts, fg at L=0 1is 6,700 psi. Assume this to corre-

av

spond with the maximm shear stress in any Joint In this set when the
cement is at the point of rupture. Then, since n = 1 for specimens
having sheets of equal thickness, equation (16) may be used to obtain
k from the date on the longer specimens in the group if written

k = 2(6,700) L'f‘sav = 13,h00w/1>0b3erved

Since the width w was 1 inch for these Joints, k = 13,400/Pqpeerved-

For the last four specimens, k is found to be 6.46, 6.54, 6.52,
and 6.54, glving en average value of 6.515. The value of G,s; Obtained
fram equation (17) for E = 10.% x 105, @ =3.95 x 106, +t, = 6 x 10-3,
n=1.0, k=6.515 and t; =145 x 104 is G, = 62,600 psi. This is
somewhat lower than other values cbtained from other tests on Redux
cement. That may be due to an erroneous essumption for %, since
De Bruyne did not state the cement thickness for these specimens.

Recent tests in which tc was known lndicate G, t0 lie between
100,000 and 125,000 psi. They also indicate fg4 for Redux to be

between 7,000 and 10,000 psi.

In order to indicate the applicaebility of equation (14) to the pre-
diction of the loads required to produce failure, the equation was
applied to the shorter specimens in De Bruyne's set on the agssumption
that k = 6.515 and fg = 6,700 psi. The results are tabulated as
follows: :
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L kT, % Ppredicted Ppredic'bed./ Pobserved
0.125 | 0.814% 0.768 790 111
.250 | 1.629 1.356 1,39 1.14
375 | 2.443 1.680 1,730 1.12
.500 | 3.258 1.846 1,900 1.06
625 | k.o72 1.928 1,980 .55
.750 | 4.886 1.968 2,025 .960
8751 5.701 2.986 2,040 .985
1.000 | 6.515 1.993 2,050 - 1.00

The last column shows that the predicted loads exceed the test
values for the shorter specimens and that the unconservative error of
1k percent is greater than could be desired. This error may result from
the fact that k 1s based on dats from specimens stressed beyond the
proportional 1limit of the metal end used with speclmens stressed in the
elastic range. The agreement 1s far better over the entire range than
1% would have been had any of the values of fsa.v computed from the

teats been taken as an "alloweble" gtress +to be mulitiplied by the area
of the cement 1n order to obtaln the load at failure.

The preceding equations can be used to some extent on the present
test date from the cemented magnesium lap Joints. Since a series of
specimens of varying lap lengths was not avallable, equations (11b) and
(6) were plotted on a common k-scale for several assumed velues of
fsmax and Ge- The point of intersection of the resulting curves gave

the desired values of fsmax end G,. With the followlng date for
single lap specimen 1, w = 0.92 inch, L = 1 inch, fsav = 2,100 psi,
k = 2.855, Popmy = 32070 Psi, n =1, and G, = 102,000 psi, equa-
tion (14) gives

(2.855) (1) 1 + cosh(2.855) (1)

= 1,934 1b

b - (3,370)(0.92)(1)[(1 + 1)sinh(2.855) (1)

The actual failing load for this specimen was 1,936 pounds.

In the case of the double lsp specimen 1, using the preceding —

method for determining fsma.x’ k, and G,, the data are as follows:
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w = 0.99 inch, L= 1 inch, fsav = 3,910 psi, k = L.ko, fsmx = 9,110 psi,
0.09%, and G, = 99,100 psi. Equation (14) yields

B
I

p = £9,130)(0.99) (1) I(1 + 0.93)sinh(k.k0)
(4.%0) (1) 0.9% + cosh(l.k0)

3,852 1b

The actual falling load for this specimen was 3,910 pounds. Slight vari-
ations in the thickness of the plates and the cover plates and slight
vaeriations in the dimensions of the cemented area probably account for
the small difference between the actual and the calculated failing loads.

The following data for a thin gage 2024-T alclaed sheet cemented sin-
gle lap joint were analyzed by the above method: t; = tp = 0.0392 inch,

n=1 w=0.984 inch, 1 = 0.511 inch, %, = 0.0055 inch,
fogy = k,427 psi, fg .. = 10,110 psi, k = 8.735, and G, = 101,000 psi.
Thus,

p = (10,110)(0.984) (0.511) }(1 + 1)sinh(8.735)
(8.735) (0.511) 1 + cosh(8.735)

2,276 1b

The actual failing load for this specimen was 2,226 pounds.

The formulas derived here for studying the behavior of cemented
Joints must be used wilth caution. In this analysis fg and k were

determined from & single specimen, not a family of specimens as described
previously. Therefore, these values were correct only for that one
specimen and should not be applied to others of different lsp lengths or
cement thicknesses. The value of fsmax for a cement should be a

canstent and should not be appreciably affected by thickness of cement
or sheet. However, fg varies wldely for these three specimens

although all are Redux bonded. The variation was felt to be too great
to attribute solely to approximations in the determination of its value.
An explorative analysis of tThe effects of bending sction in these Jjoints
(made in sppendix C) shows bending to be of major importance in the
single lap specimens, which explains, in part, the discrepancies between
fsmax for single and double lap joints.

Equation (13b) indicates that the force F ‘transmitted across the
cenent between xq and Xs is directly proportional t6 the coeffi-

clent N, and the values of N for XL = 1.0 1n tgble IT show that N
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increases sbout 0.10 for each 0.1L increment in x/L. The conclusion — —
may be drawn that the stress distribution over the length of the cemented
Joint is essentially uniform when kL = 1.0 or less. This is possible

in Joints between wooden members of practicable length but not between
metal menbers.

Consider two members of aireraft spruce, each 1 inch thick, so that
ty =ty =1 and n=1. Teke E = 1,300,000 psi, G = 100,000 psi,
Ge = 100,000 psi, and &, = 0.006 inch. Reference 22 gives E = 1,950,000
and G between 72,000 and 104,000 for alrcraft spruce at 1l2-percent
moisture, but the value for E 1in most speciflcatlons and lists of
properties 1s 1,300,000. The assumed values are, in any case, reasonable.

When Ge = G, and t7 = tp = n = 1, equation (6) for k° may be
written

K2 = 2G/E E;f (te + tl)] = 2G/E (t, + 1)

Since %, is very small as compared with 1, K2 mey be teken equal to
2G/E. For the Joint under consideration, k2 = 200,000/1,300,000 or
k = 0.392, Hence, for L = 2.5 Inches or less, kL = 1.0 or less,
and the shear stress along the Jolnt would be essentially uniformly
distributed. The error resulting from an essumption of uniform stress
distribution for Joints between wood members somewhat longer than this
would not be great, and it would be reduced a&s the thickness of the
members lncreased.

Next consider a joint between two sheets of 2024-Th gluminum alloy
having E = 10,500,000 psi, G = 4,000,000 psi, 7 = tp = 0.040 inch,
eand n = 1. Assume G, = 100,000 psi and %, = 0.006 inch. Then, k2
as computed from equation (6) becomes 68.03, and k, sbout 8.25. To
obtain kL = 1.0 for an approximately uniform ghesr stress in the
cement, the lap length would be less than 1/8 inch which is possible
but not practicable for structural purposes.

It is seen, then, that the agsumption of uniform distribution is
tenable for materials having values of G approximately equal to those
of G, but not for those having large values of G as compared with G,.
Other factors enter the problem, but the ratio G/G. 1s the important
one for members of normal proportions in the various meterials used in
aircraft structures.

The tensile or tearing stress transmitted across the cement between
sheets may be approximated (for more exact equations see ref. 15) by the
method often used to obtain shear flows. An element y-umits from the
origin in the section shown in figure 27 carries the shear stress fs'
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which, from the development of equation (2), is f£5' = £f(%y - ¥)/t1.
The shear force 8 on plane m'n' is then

Ty
S = f fg'w dy = fgwtq/2 (18)
0

The tearing stress f-te between points x; and x, on the cemented
surface will be (Sg - Sl)/(xe - xl)w; whence, with f; from equation (10)

fsav’slkL{n(cosh kxp -~ cosh kxy) + [cosh(kL - kxp) - cosh (kL - kxl)]}

2(xp - x1)(1 + n)sinh kL.

(19)

f.be=

This stress will be greatest where the shear stress is greatest, at the
end of the joint where the thicker sheet is discontinued.

A syrmetrical, double lap joint such as that shown in figure 2y may
be considered to be separated along the plane of symmetry soc that each
half may be analyzed by the above equations, or the equations may be
readily modified to apply to that type of connection.
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APPENDIX C

A CONSIDERATION OF PROBLEMS INTRODUCED BY BENDING AT

ENDS OF SINGLE IAP JOINTS

Consider the single lap cemented Jolnt shown 1n figure 28(a). When
it is put into a testing machine and subjected to an axial tensile
loed P, it bends so that the lines of action of the forces P pass
through the speclmen spproximately es indicated in figure 28(p). 'The
actual curves of deflection of the centroidal axes of the three seg-
ments, AB, CDE, and FG, will be such as to produce a minimum change in
the strain energy of the system. For sheets of unequal thickness a
minimum energy analysis would be required for the evaluation of
moments M; and M, at the ends of the specimen, and this analysis

would requlre a knowledge of the characteristice of the Jaws of the
testing machine since they will affect both the slopes and moments at
A and G.

To avold the need for such data, assume the sheets in the Jjoint to
be of equal thickness but thin enough that the tangents to the elastic
curve at A and G will coinclde with the line of action of the loads when
P is relstively large. Point D 1In such & specimen will lie on the line
of action of loads P, and points B and F will lie near 1t. Assume the
deflection of B to be (1 - a)t/2 eand that of C to be at/2, where o
has a value close to unity. Since the centroldal axes of segments AB
and CDE sre offset, the moment on the cross sectlon of the single sheet
at B is not equel to that on the two-sheet segment at C. The moment of
inertia of the two-sheet "beam" is eight times that for the single-sheet,
g0 the radli of curvature of the two segments differ. The displacements
occurring in the cement at the end of the top sheet are shown in figure 29.

Plene abcd before loading becomes ab'c'!!d" under load. The shear
stress fg on the faying surface of the upper sheet warps plane ab to
gb!. The axlal tenslle stress in the lower sheet causes ed to move
axially to c¢'d' and the bending rotates it to c"d". Then the shear
stress fg on the faying surface of the lower sheet warps c"d" to c'''d".
The originsl plane bc at the end of the cement ig dlsplaced to b'le'!'!.
Since arc ccle!f! hag a smaller radius of curvature than bb', the thick-
ness of the layer of cement tends to increase with increasing distance to
the left of be. Tenslle stresses normael to the faying surfaces are
therefore developed in the cement in addition to the shear stresses. The
combination produces a concentration of stress at the end of the lap
which tends to start falilure in the joint.
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Similer effects are to be expected in riveted Jjoints, effects which
tend to separate. the sheets beyond the outer rivets and, hence, to apply
forces tending to bend rivet shanks, to pry off rivet heads, and to
produce nonuniform bearing between the shank and the edge of the hole so
that the actual concentration of stress in a sheet adjacent to a rivet
hole becomes a highly indeterminate problem. It would appeer that the
simplifying assumptions customerlly mede in the analysis of riveted
Joints, and the use of stress concentration factors based on two-
dimensional stress varilations, are misleading and dengerous.

An exsct analysis of either a cemented or a riveted Jjoint seems
impossible at this time, but it is possible to provide for same of the
effects Just noted and to do so in a way that will indicate the order
of magnitude of the stresses involved, though not their correct values.

To do 8o, set up equations for the moments on the segments of the
specimen shown in figure 28(b). For segment AB

My =M + (Mp - M1)x/S + Py

or, since M = -M,

Mo = 1y[1 - 2(x/5)] + By (20)
At B, x=(5-L)/2 and y = (1 - a)t/2, so that
| Mg = M(L/8) + (1 - a)Pt/2 (21)
and, at C,
Mg = M + oP(t/2) = My(1/8) + (1 - 20)Pt/2 (22)

The moment between C and E is Mg = Mg + (M - M )(x'/S) + Py', end,

since My = My, this becomes

Myt = Ml[(L - 2x')/S] + Py! (23)

This indicates M, = 0 &t x' = L/2 (at point D), as it should since
the system is antisymmetrlical ebout a plene through D.

If equation (20) is differentiated twice with respect to x,

Py, fx® = P a2y /ax?
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But Mk/EI = d_ey/dx2 for stresses below the proportional 1limit, so

a2, fax? - PMy[ET = O
The solution of this equation glves
Mg = Cq sinh(x/J) + Co cosh(x/J3) (24)

where J = |/EI/P. Had the axial lcad been compressive instead of tensile,
the functions would have been circular instead of hyperbolic.

At x =0, sirh x/3 =0, cosh x/j =1, end Mg =M so Cp =M.
At x = 0, the shear dM./dx = -2M1/S = % cosh(x/3) + %2- sinh(x/3);

hence,

My = -2M;(J3/8)sinh(x/J) + My cosh(x/J) (25)
If the same operations are performed on equation (23) and 1f j' = JEI'/P,
Myt = C3 sinh(x'/3") + Gy cosh(x'/3') (26)
At x' =0, Myt =Mz=Cy, and, at x' = L/2, M. = 0; hence,

_[E%E - (1 - 2@)%:,‘cosh(L/2J')

sinh(x'/J') +
sinh(L/23")

[%I: - (1 - 2‘¢)P?’°:‘cosh(x'/y) (27)
Equations (25) and (27) involve the unknowns M; and a«. By
inserting equation (25) into equation (20) and equation (27) into equa-

tion (23) end solving for y and y! and then by substituting
x=(8~-1)/2 and x' =0 in these expressions, yp &and Yo' are
obtained. Since yp + (t/2) = yp', it is then possible to cbtaln My
in terms of «. The result is :

Pt(l - a) (28)

S-Lf.1- %g sinh(gléjé)-+ cosh(§~%3£)

&
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If o 1is taken as unity, My = 0. If o 1s some value less than

unity, as it is presumed to be, substitution of equation (28) into
equation (21) gives

Mg = -Pt(1 - a) L/s + % (29)

cosh(u) a2l sinh(-s—'-'—é) . L
23 S S

In order to explore the probable magnitudes of Mz, assume that

the ratio of specimen length to lap length S/L 1s 5, and consider
that the material is sluminum alloy having E = 10.5 X 106 psi. For
one condition, assume P/A = 8,750 psi; for a second, take

P/A = 35,000 psi. Since

j = fBI/P = {mat?/12p = 2 VEA/3P

. ¢ [10.5 x 106
j=2= —2—0E=10t for P/A = 8,750, and J =5t for
2V2.625 x L / T

P/A = 35,000 psi.

The first term in brackets in equation (29) then becomes

1/5
cosh(ile) - 2% atn(i) - 2.
or
1/5
cosh(%) - %g—t sinh(%—t) - %

If 1/t 1s taken as 2, 5, and 15 in the first expression, the values
for the term are 3.36, 0.473, and 0.0278, respectively. Then

Mp (1 - a) = -3.86Pt, -0.9T5Pt, and -0.5278P%, respectively. For
greater values of S/L these coefficients would be smaller, and for
higher ratios of I/t they would approximate 0.50.

Using the same values for L/t in the second expression, the
values 0.801, 0.0945, and 0.0011 are obtained. Then
Mg /(1 - o) = -1.391Pt, -0.5G45Pt, and -0.5011P%t, respectively.
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For a specimen of given width and thickness, these computations
indicate thet, with very short specimens and very short lap lengths,
S/t = 10 and L/t = 2, the bending moment in the single sheet at the
end of the lap does not vary in proportion to the load. Since the
values of P have been assumed to vary by four to one, assume that
P = 1,000 pounds in the first case and 4,000 pounds in the second and
that Mg increases from -3,860(1 - a)t to -5,204(1 - «)t, or about
35 percent. If thls 1s even approximately correct, it is spparent that
the proportlons of the specimens used will have appreciable effects on
the results obtained in fatigue tests. It seems reasonable to essume
that similar effects could be expected on riveted, bolted, or welded
gpecimens.

If S/L .and L/t are each great enough that the first term in
brackets of equation (29) 1s very small, Mz becomes =~(1 - a)Pt/2.

The strain In s distance dx for the upper fiber of the lower sheet
at section B is -e dx = (MgC/EI)dx = - {[(1 - a,)Pt/e:](t/z)/(EAt-?/la)}dx =

-[?P(l - al/ﬁ?ﬂdx due to bending. The strain due to the tensile load

1s -(P/AE)dx, so the total strain st B is -[P(k - 3a)/AE|dx. Under

the asgsumptions, P = O in the upper sheet at B, and the bending strain
is zero because the point lies on the neutral axls of the lap-joint
segment. The rate of strain in the cement at the end of the lap 1s
therefore ~P(4 - 3a)/AE 1if the effect of the transverse tensile stresses
at that point is ignored. Then dU/dx = (4 - 3a)PB/AE instead of the
-PB/AE used in going from equation (8) to equation (9). The maximum
shear stress at x= 0 and x = L, since the sheets are of equal thick-
negs, is therefore

- (2 - XL
fomay = (2 = 1-50)fg — K:L(JL + cosh KI) - (30)

o data are avalleble for the probeble magnitudes of o but it
would be reasonable to agsume values of 0.8 or 0.9 when investigating
the changes in maximum shear stress when bending effects are included.

Although this analysisz of the effect of bending on the action of a
cemented jolnt contalns several simplifyling approximations and assump-
tions, and although it has been limited to lap Joints In which the two
sheets are of equal thickness, the results are believed to be of the
right order of magnitude. If so, they provide & partial explanation
for the discrepancles observed when specimens which ere dimensionally
similar, on the basis of "standard" methods of joint analysis, are
tested under fatigue conditlons. Further work must be done to determine
the magnitudes of the errors in this analysis, or to develop more exact
procedures, before satlsfactory correlation of fatigue test data on

a2
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cemented joints can be expected. Such joints are "continuous™ and
emenable to mathematical snalysis. Riveted, bolted, spot welded, and
similar "discontlinuous" Jjointe will presumsbly be subJect to nonuniform
stress distributions anslogous to those in cemented joints, and the
resulting stress concentrations wlll be more serious because they will
occur at points instead of in bands extending across the width of the
specimen.
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APPENDIX D
METHOD OF CORRECTING PARALTAX ON X~RAY NEGATTVE

Since the X-rays were emitted from & point source and were inclined
as they passed through the rubber model to the X-ray negative, correc-
tions had to be made to the displacements measured on the film in order
to obtaln the true elongetions of the markers in the model. The dis-
placement of a marker from the reference mérker (described in the body
of the text) was measured to a hundredth of an inch and corrected to
obtaln the true displacement by the followlng procedure:

Ray 1 from the X~ray source causes point A (fig. 30), a distance x
from the reference, in the rubber model to appear at point C on the X-ray
negative, & distance x7' from the reference. Under load, point A moves
to A' and ray 2 causes A' to appear at C!' on the negative, a distance
¥o! from reference. The change In displacement In the model is

OX = Xp - X s (31)
but, referring to the diagran,

Xl = .Xl' - hl (32)

Xp = X' - hy! (33)

Substituting equations (32) and (33) for x] and xp in equation (31)
ylelds

&x = (%' - hp') - (x1' - hy) (34)

From similar triangles ONC and ABC

h
-% = ;i— (35)
and from ONC' and A'BC!
1]
D- Z—i—,— (36)

Introducing the expression for h; and hy' from equations (35)
and (36) into equation (3%) gives

me = (vt - ;) (E2R) 5

L
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The term x,' - xl' is the change in displacement between points C
end C' on the X-ray negative corresponding to points A and A' in the

model end when multiplied by the correction factor -I‘—i—g yields the
actual change in displacement of a marker In the model under loead.
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TABIE I

CHARACTERISTICS OF MATERTATS TESTED

NACA TN 3413

Polsson's ratio, p

Material el I
psi | psi With With respect
respect to width|to thickness
1/4-in. Koylon 11.10}3.36 0.303 0.356
1/4~in. Foamex 9.86}2.96 331 321
1/2~in. Foemex 8.68|2.21 .323 343
1l-in. Foamex 7.80{2.26 .333 .318
1/2-in. Airfoam (soft) k.85
1/2-in. Airfoam (medium)| 7.1k
15.20

1/2-in. Alrfoam (firm)
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TABLE IT

N-FUNCTIONS FOR CEMENTED JOINTS

< N-functions at -
L B1/ta = 1/3|t1/%0 = 1/2|t1 = tp|t1/t2 = 2/1|t1/t2 = 3/1
XL = 1.0
0.1} 0.09556 0.09900 ]0.10588) 0.11276 0.11620
.2 .18956 .19565 .20781 .21997 . 22605
3 .28297 .29092 .30681 .32271 .33066
4 .37670 .38576 10389 L2201 43107
.5 L7170 L4811k .50000 .51886 .52830
.6 .5689% 57799 .59611 .61424 .62330
.T .66934 67729 .69319 . 70908 . 71303
.8 .T7395 . 78003 .79219 . 80435 . 8104k
.9 .88380 .8872h .8o412 .90100 .90LLh
1.0{ 1.00000 1.00000 {1.00000| 1.00000 1.00000
kL. = 2.0
0.1] 0.08883 0.0999% 10.12215| 0.14h36 0.15546
.2 .17120 .19050 .22913 .26776 .28707
.3 .25039 27534 .32524 3751 40009
L .32960 .35785 Aaksh 47083 19908
.5 1201 a3k .50000 .55866 .58799
.6 .50092 .52917 .58566 64215 L6700
.7 .59991 62486 L6TLT6 . 72466 .T4961
.8 . 71293 . 3224 . 77087 .80950 .82880
.9 .85k 85564 87785 . 90006 .91117
1.0| 1.00000 1.00000 |1.00000{ 1.00000 1.00000
kL = 3.0
0.1] 0.08797 0.10716 {0.14555| 0.18393 0.20312
.2 .16125 .19382 .25895 .32408 .35665
.3 .22648 .26782 .35050 13318 Ahs2
A .28958 .33589 L28hk9 .52110 .56740
.5 .35627 L0418 .50000 .59582 L4373
.6 43260 47890 57151 66411 .T10h2
T 52548 .56682 .64+950 . 73218 .T7352
.8 64335 67592 .Th105 .80618 .83875
.9 . 79688 .81607 .85L45 . 89284 .91203
1.0| 1.00000 1.00000 }1.00000| 1.00000 1.00000

kT
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TABIE II.~ Continued
N~-FUNCTIONS FOR CEMENTED JOINTS
x N-functions at -
L t1/tp = 1/3|61/80 = /2|ty = tplty/tp = 2/1|t3/tp = 3/1
kL = 4.0
0.1} 0.09378 0.12002 |[0.17250| 0.22499 0.2512%
.2 .16222 20545 .29190 .3783%6 L2159
.3 .2164) .27015 37756 484599 .53869
A .26520 .32460 L4337 56215 .62154
5 .31645 37763 .50000 .62237 .68355
.6 37846 43785 .55663 .67540 . 73480
T L6131 .51501 .6221uh .72985 . 78356
8] 578 .6216h . 70810 . THU55 83778
.9 -TH8TT .T750L .82750 .87998 .90622
1.0 1.00000 1.00000 |1.00000{ 1.00000 1.00000
XL = 5.0
0.1} 0.10%65 0.13585 [0.20027( 0.26468 0.29689
.2 .16994 .22130 32403 L2676 L7813
.3 .21579 .27815 .10288 52761 .58997
A .25291 .32092 L5694 .59295 .66097
5 29077 .36050 .50000 .63950 . 70923
.6 .33903 L0705 54309 .67908 . T4 709
T .41003 L7239 .59712 .72185 .T8k21
.8 .52187 57324 67597 LT7870 . 83006
.9 . 70311 .3532 - T9973 86415 .89635
1.0 1.00000 1.00000 |[1.00000f 1.00000C 1.00000
kL = 6.0
0.1} 0.11517 0.15250 |[0.22718| 0.30185 0.33919
.2 .180%2 .23793% .35315 16838 .52599
.3 .21962 .28797 L2666 56135 .62970
A 24766 .32118 L6822 .61527 .68879
S 27483 . 34989 .50000 .65011 .T72517
.6 31121 38473 53178 .67882 . o234
.7 .370%0 43865 5753k .7120% . 78038
.8 L7hol 53162 . 64685 . 76207 . 81968
.9 . 66081 .69815 .T7282 84750 .868483
1.0{ 1.00000 1.00000 |1.00000{ 1.00000 1.00000




NACA TN 3413

'TABLE IT.- Continued

N-FUNCTIONS FOR CEMENTED JOINTS

x N-functions at -~
L t1/tp = 1/3|t1/tp = 1/2{t1 = ta|ty/tp = 2/1t3/tp = 3/1
kL = 7.0
0.1| 0.12689 0.16873 }0.25240| 0.33607 0.37791
.2 .19096 .25345 L3784k .50343 .56592
.3 .224:90 29741 Lok 58748 . 66000
A .2h601 .32303 L7707 .63112 . 70811
.5 .26508 .34339 .50000 .65661 .T3492
.6 .29186 .36888 .5229% .67697 . 75399
T .34000 Jies2 .55756 . 70259 . 77510
.8 3408 L0657 .62156 . T4655 . 80904
.9 .62209 .66393 . T4 760 .83127 .87311
1.0 1.00000 1.00000 {1.00000| 1.00000 1.00000
kL. = 8.0
0.1| 0.13812 0.18%95 |0.27563| 0.36731 0.41315
.2 .20072 .26710 .39985 .53260 .59898
.3 .23007 .30554 L5648 .607h1 .68288
A .24597 .32522 48373 . 64223 . 72148
5 .25916 .3394k .50000 .66056 . Tho8L
.6 .27852 35TTT .51627 67478 . 5403
T .31712 -39259 .Sh352 .694k6 . 76993
.8 ko102 L67hO .60015 . 73290 - 79928
.9 .58685 .63269 L7243 7 . 81605 .86188
1.0/ 1.00000 1.00000 |1.00000| 1.00000 1.00000
kL = 9.0
0.1] 0.14855 0.19798 (0.20684| 0.39571 0.kh451k
.2 .20922 .27872 L1770 .55671 62621
.3 23457 .31215 L6731 L6227 . 70005
A .24655 .32723 .18860 . 61996 . 73064
.5 . 25555 .33708 .50000 .66292 . Thlls
.6 .26936 .35004 .51140 67277 . 5345
-7 .29995 -37753 .53269 .68785 . T6543
.8 37379 J329 .58230 .72128 . 79078
.9 .55486 .60429 . 70316 .80202 .85145
1.0] 1.00000 1.00000 |1.00000| 1.00000 1.00000

k9
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N-FUNCTIONS FOR CEMENTED JOINTS

TABIE ITI.- Concluded

NACA TN 3413

x N-functions at -~
Lolty/tn = 1/3|t1 /%0 = 1/2[%1 = tp|ty/tp = 2/1]%1/tp = 3/1
kL = 10.0
0.1} 0.15811 0.21078 10.31610| 0.42145 0.h7412
.2 .21641 .2884L 43250 57655 .64.858
.3 .23824 317354 17556 .63378 . 71289
A 24728 .32888 119208 .65528 . 73688
.5 25337 .3%3558 .50000 L6642 . Th663
.6 .26312 2 .50792 67112 . o272
T 28711 .36622 JS52Lhh .68266 .T6176
.8 35142 L2345 .56750 .71156 . 78359
.9 .52588 57855 .68390 . 78922 .8:189
1.0/ 1.00000 1.00000 |1.00000| 1.00000 1. 00000
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TABLE ITI

VATUES OF (1 + n)sinh kL
kI{n + cosh kI)

(1 + n)sinh kL.

X, 'M—.(n + cosh kI) for -
n=0 [n=0.20{n=040{n=0.60{n=0.80|n=1.00

0.25 |0.9772 | 0.9828 0.9864 0.9896 0.9920 0.9940
. . . . . . .9550
1.00 | .7616 .8090 .8466 877k .9028 .9222
1.25 | .6667 .T24h0 L7718 .812k .87l .8836
1.50 | .603k 6673 . 7220 . 7692 .8105 .8566
1.75} -5339 .5998 6579 -T097 . 7560 .8023
2.00 | .4820 .5hk92 .6099 .6651 . 7154 . 7616
2.50 | .3946 1586 .5186 5751 .6283 .6786
3.00 | .3316 .3902 Lh65 .5007 .5650 .6033
3.50 | .2852 .3381 .3898 A403 L1897 5379
h.oo| .2498 .2976 JBil7 .3911 1369 14820
k.50 | .2221 .2654 .3082 .3507 .3929 L3h6
5.00 ] .1999 .2393 2784 317 .3561 3946
6.00 | .1666 .1997 .2328 .2658 .2987 .3316
7.00 | .1328 L1713 .1998 .2283% .2567 .2851
8.00| .1250 .1499 L1749 .1998 2248 .2k08
9.00 | .1111 .1333 .1555 77T .1999 .2221
10.00 | .1000 .1199 .1399 .1599 L1799 .1999

51
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TABLE IV

DATA TAKEN FROM X-RAY

(a) Two=Rivet Joint

L]

Wm MRS ILRERE S RARRBEEI RES RERIEEARREH S QR RTBEAHRE
o 000803003030 AR RCRARNRG &&&&&&&&999 e bt bl 200 o6 66 a3 €0 6 O
H Adddddddd o g
v
S
El

+&| |waggresasss| |rssssassngy| |ssa9sugwmss| |veaniseans
2 8&&&&&&&&99 popt el bl bl o0 of 60 60 &5 [ A S M Y S Y GO \GO\G GO BB \G\O
S

xel

A9 85Qd KRG8 R

o] [} [+
lmm_ggg ANOVOVON

RRAENH8 58S RR

O\ O\ O\ O\ O\ ONOD €O €0 €0 €0

§ § 8 8
o
ol - - L |
% | esangtessna | § | nendsanssee | 5| ayannadngds | | sonndogangy)
© 99&&&&&&&&& o | S0 SOS0O ittt | o | Rttt e | 7| WOV OWUBBVWVVY
[ o 2 (%

Kl Mwﬁwawum% RARIZRRETASS8 @&ﬂ&ﬂﬂ%ﬂaal REEEEEERMRR

xl‘
(6-1b load) | (No load)| (6-1b load)

99999999888

88888888888

L e N e e

O\G\G\G 0 \0O G600

wm 29207889888 |eoRrReIRRe29| |8soersadnges| | 2354880 EREY

2 0 00 €5 &5 B 6O & O O O - P el o Y AN S Sy e \O\G\G G \0 6 \GI 00D WA 1N IN IR IR I I N IC N
| |BE3ERIEESRT) | BERBSYCTERR) | RERRRYSRERY| | RERRHGEERER
= o 0 (o] (=]

Enots

o M o M =

o M o g

o ~w N v &




53

DATA TAKEN FROM X-RAY

(b) Three-Rivet Jolmt

TABIE IV.-

% R9848E23588 REIHERKBBRE SRARYYNA5EY RKRTYRUNYH]S
mm e S e T ISP LTSIV IV IV 2V B33\ 66 G\G 8B \d ardRRARARRR
7]
MW . gedarayarad SRALRAERIRRT 299858385 2L XA DEEEERTX
M- ...._..-mm % .&6666666 Yranndnnand ANRA RS o o F IR
$u |89 § [cansnsngssy| g |oo509948088 | § [S8UTIRRNESY | § | CROREHALLORA
.m._m b_&m I |dogoad st B [ Foresrresed | B |dddvsddsddd | 3 | dddiddnniinad
L - £ £ £
BE. =l * |eecsnnasoes| ™ [naspeenssas| ° |9999sdnsass | ~ |snesessnass
$3 3% 422985850k~ RERSNSYRLS RRRRARE N5 2992 RRAH N
.mm n‘(m STSTSRT AV VIV IV IV BBBBOBBE AR ArdndARnAA A ol b ot b b
mm - RRARIAHBSOR RYLIRANE]Y SBEEARRILLS 28I LLIOLHS ]
1._ N mm VLIV v 1V 20 " 55555555555 -s.l.h.k..!-&h..l.k.k.k. LAYAY AR AV AT AV AR N Y Y Y
e DERRORL SRR BEERALEENLR F4TORBREERR RENAIRE LS
58| vdd 494955959959 sesydddaddd SEEEEEEEEEE dddAddd944
mw oY §878880S8 AT SERyNgganke ghnInganenn BRSGRIZ GRS
g8 “8Y dqddrddddddd| |ddddddddddd 894949444589 FrRARRAARANR
2s -85 RYALSLEEY RS SRY TSRO ALRNYBYRBIR NRAIXQFILRY
Mm 43 EEEERLLEREE LEEEEREEEEE! SEEEEEEEEEE! Adddddddddd
g g g g

mw - .9 § |989sesr8dre| § |snegedsnge | § |dnaontynses| § | geeaadykayd
g "8} o |dddeddddddd| ® uumuuuummmm L EEEEEEEEE R I 38868660000
g% .nm RRBEEEERERR YERSRBIRY RARIATEI KRN 225 RREA5 G
R nendddddyyy ddddddddddd uuumuuumwmw mmmmmmmmsss
mm 3 BELYRIRFHAS 225 0RE RLARY §5SR8REYR RyY95gRIRe
1 83 Adddddddd4 CEEEEEEEEEE! mmmmssssgss G0 dddaadds

: PRRERGRedR| | R3NRERAER| | RAIRNNRREER $REREEERR

+1 o

O H N o

o o a4 ©n =+

O 1 o ©n &

NACA TN 3413




54

NACA TN 3413

e
e

_—
63 / RUBBER — SHEET

77T TTTTTTT T T 77777 77777777777

Figure 1l.- Tensile test apparatus.
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Figure 2.~ Stress-strain relations for different foem-rubber samples.
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Figure 3.- Torslon test apparatus.
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Figure 4.- Modulus of elasticity in shear for different foam-rubber samples.



58

FREE END

LREL LFLGE

[FAVING SURFACE /

NACA TN 3413

N

LOALEDL END /

\‘
N\

LENGTH
OF LAF

 THICA
oF

bt

Figure 5.- A simple lep joint.
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Figure 6.- Tracing from full-scale print.
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(a) Single lap.

PHOTO-GRID
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Failing Load

Specimen 1 1,936 Lb
Specimen 2 1,574 L
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+

Figure 7.~ Cemented magnesium joint.
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(b) Double lep.

Figure T.- Concluded.



X

%

[
[~]]

&

[ 8

O Row 1 O Row 3
——————— Faying Surface

X Row & A Row 4

£ThE NI VOVN

Normal Stress, psi

N

TSN ]

S
I (R N
he

(a) Row 1, row 2. (b) Row 3, row L.

Figure 8.- Normal stress distribution across lap.

€9




6k

O Row 7

© Row b

A Row §

X Row 6

NACA TN 3413

2
7 *
\ ‘w
y
\ .
N 0
o
') A
l\ -
[ e e e e aiiel e phandad sl —— J W
o "
. —
L =
]
o N
) ~
Q
t_T
)
-~
¥ ] *
9
> [+
&~
1 L
4 2
Tt T~ —— “ __.“.
= o "
* 3
(=4
»n —
<
x 2
4 -~
a
pd @ ] P 1sd gsexs rBuULON " N ©

Figure 8.~ Continued.



8 8 R

Normal Stress, psi

$ 4

e
L
e

P e I

//'!/T’

(e} Row 9, row 10. (f) Row 11, row 12,

Figure 8.~ Concluded.

¢THE NI VOVN

a9




OCOLUMN A OCOLUMN C
X COLUMN B . ACOLUMND

24
22 / -
80 , / ~

'8 /] */Z /

4 1
J y:

%) X ;./‘ e AT 7 1

o JI . s

o W 7

@ [e] { a

H 7 ﬁ

[95]

f / / /

b 4 A4 R A
g 1 /7/ ] /]
4 /7
& V—/. /1
“ - Vi
%-OA‘/ g._._g/u
2
0
[+] J 2 3 4 -5 '3 7 4 K= LD Q Jd 2 3 + -5 ] 7 ) .8 10

(a) Column A, columm B. (b) Column C, colum D,

Figure 9.- Normal stress distribution along the lap,

99

CTHE NI VOVN




o COQLUMN E O COLUMN G
24 X COLUMN F A COLUMN H
22 |
AN N

ALY
+8
A\
N N\
‘0 T
ey A P
@ N T
1]
g 0 »  oto— 1l ols \ \I
78] \ \\ \
g AN AN IR
; AN IR QEE
= AN NN
N\ \
P \ ¥ N N
N Np©
\ N
x \* A A "'E”ﬂ
2z ¥
o .
0 2 3 4 5 & Y% B o i 0 J g 4 S5 6 7 8 9 10

(¢) Column B, column F.

2
L

Flgure 9.- Concluded.

(d) Column G, colwmn H.

¢The NI VOVN

L9

_—
—



& © 5

W Shear Stress, psi

N

O Row 1 . O Row 3

A\ x

\\\
\
N T

R//

<

ws

N

et

/4

(a) Row 1, row 2. (v) Row 3, row k.

Figure 10.- Shear stress distrihution acrcss lan.
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Figure 11.~ Shear stress distrlbution slong the lap.
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Figure 12.- Normal stress distribution in pounds per sguare inch.
approximately 16 pounds.
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5-1b Load
(a) Edge view.

Figure 15.~ X-ray tracing of a single-rivet double lap joint under load.
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Figure 15.- Concluded.
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Figure 18.- Concluded.
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Flgure 19,- Tensile strees distribution across sheets between rivets 1n three-rivet Jolnt.
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(a) Two-rivet joint.

Figure 20.- X-ray tracing of jolnts under load.
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Figure 20.- Concluded.
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Figure 22.- Resolution of forces and moments in cemented Joint.
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Figure 25.- Single lap joint showlng displecement under losad.
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Figure 25.- Stress and dlsplacement in a sheet element.
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Figure 27.- Shear stress enalysis in element of cemented sheet.
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(a) No load.

Figure 28.~ Single lap cemented jolnt.

(b) Axial tensile loed.

Figure 28.- Concluded.
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Figure 29.- Displacements In cement at end of top sheet.
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Pigure 30.-~ Geometry of parallsx in X-ray photography.




